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1 | INTRODUCTION

The length of a smooth curve in a Euclidean space is the limit of the lengths of polygonal lines with rectilinear segments
whose endpoints, on the curve, uniformly! converge. An analog convergence result does not hold for the area of a smooth
curved surface. This unexpected phenomenon is usually called “surface area paradox,” or “Schwarz paradox” (see, e.g.,
[1-5] and [6]).

The Schwarz paradox is rooted in the following local divergence result that we call “local Schwarz paradox”:

the plane, secant a curved surface at three non-collinear points approaching a point X, of the surface, does not
necessarily approach the tangent plane of the surface at X, (see Section 1.2 for details).

Both the classical and the local Schwarz paradoxes are sometimes overlooked. For instance, Macdonald has noticed in
[6] that Sobczyk's definition? of the pseudoscalar tangent field to a surface is affected by the local Schwarz paradox. As a
matter of fact, in the context of Sobczyk's simplicial calculus [7], the local Schwarz paradox can be rephrased as follows:

the normalized 2-blades of a sequence of non-degenerate triangles (2-simplexes), with vertices lying on a smooth
orientable surface converging to a point Xy, do not necessarily converge to the unit blade I(Xo), tangent to the
surface at xg.

IThe length of each segment goes to 0 uniformly.
2See relation (3.4) at page 6 of [7].
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If the surface is the graph of a bivariate smooth nonlinear function f, the local Schwarz paradox appears as follows?:

thevector ¥ s ap ) describing the planez = f(a)+1 (s apc)-(X—a), secant the graph of f at the three non-collinear
points (a, f(a)), (b, f(b)), and (c, f(c)), does not necessarily converge to the gradient V f(X,), as a, b and ¢
converge to X

In this work, we explicitly construct a new vector I; abc) converging to the gradient V f(xo), as a, b, and ¢ converge to
Xo. So, the corresponding plane z = f(a)+ (s ab,c) - (X —a) does converge to the plane z = f(Xo) + V f(Xo) - (X —Xo) tangent
the graph of f at point (Xo, f(Xo)), regardless how the three non-collinear points converge to x,. Moreover, we show that
T(rabc can be expressed as a Clifford ratio in two evocative forms (see Section 3.3.2 and Section 3.4 for details):

* T(rabe = Af/A, where

- Kf isthevector%{[f(ﬁ)—f(a)](c—b)—[f(c)—f(b)](ﬁ—a)},and
- Aisthe2-blade(aAb)+(bAc)+(cAa)=(b—a)A(c—a)

s T abe = f@r-j@ 4 f (c):ﬁ(b); that is, a ratio between numbers (as numerators) and vectors (as denominators).

a-—-a C

Then, we extend* such main results’ to approximate gradients of general multivariate smooth functions.
As the pseudo-scalar field I(xo), tangent to a k-surface ¢y, can be expressed® in a local chart’ x : Q C E, — ¢ by
gradients

Z [(V)(il(uo)/\'“/\V){ik(uo)>llzl] € N---A€

1<i; << <n

I(xo) =

Z [(V)(i](uo)/\"'/\V)(ik(uo)>II:1] € AN---A€j

1<i; << <n

(where X = Xu) = ¥1u)€1 + ... + Ynw€n i the orthonormal decomposition in the n-dimensional Euclidean space E, of
vector X, parametrizing locally the k-surface, xy = X(u,), Wo is a point internal to Q, and Iy is a pseudo-unit, or “orientation,”
of Ey), our results allow to define I(x) as the limit of suitable normalized k-blades based on non-degenerate k-simplexes
contracting to xg.

Another possible method to give a proper definition of the pseudo-scalar field, not using charts, could be to select
suitable sequences of k-chains in E,, converging to the k-surface ¢. However, here we do not have enough room to prove
such last claim. So we have to postpone its detailed statement and proof to a further work.

1.1 | Further implications

Here, we sketch some other possible applications of the foregoing results in pure and applied mathematics.

1.1.1 | Leibniz's notation
At page 45 of [9], the following is written:

Leibniz's notation dF /dt or OF /0t emphasizes the definition of derivative as the limit of a difference quotient. It
will be seen that differentiation by a general multivector cannot be defined by a difference quotient, so Leibniz's
notation is appropriate only for scalar variables.

In this work, we show?® that, using as product the Clifford geometric product, as numerator our mean multidifference
pseudo-vector A f, and as denominator the pseudo-scalar A, Leibniz's quotient notation

Af/A = (Zf(al,...,am)) (A(al,....am))_1

3See Section 1.3 for details and [8] for further geometric results.
“See Theorem 2 and Theorem 3.

STheorem 1.

®Here, we adopt some notations taken from [7].

"That is, a local regular parametrization.

8See Section 3.4, Section 4.4, and Section 5.4.
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remains appropriate to approximate (or define) the gradient of multivariable scalar functions (provided they are strongly
differentiable).

1.1.2 | Fundamental theorem of calculus and nonabsolute change of variable formula

The foregoing observation suggests to use the new Leibniz's difference quotient (that should be properly called “Clifford
multi-difference quotient”) as a tool also for higher dimensional Calculus. If this is the case, many paths are open to
explore classical topics. For example, we may try to extend to higher dimensions the elegant definition® of nonabsolute
integration given by Kurzweil and Henstock by directly using the new Clifford multidifference quotient. In particular,
we guess the possibility of defining a multivector valued generalized Riemann integral on orientable hypervolumes and
hypersurfaces such that a fundamental theorem of calculus of the following form:

// Vfx) dx = / fx) dx (1.1)
f Vv v : ~——— T v
oriented vector pseudo-scalar oriented scalar Pseudo-vector
hyper-volum rectifiable
Q hyper-surface
pseudo-vector 0 pseudo-vector

may hold, for an everywhere strongly differentiable function f : Q c E, — R. One could argue that this strong regularity
condition may limit the range of possible results. Despite this possible limitation, it would be interesting to explore more
deeply a fundamental theorem of calculus in a form!° different from the “divergence” one. Moreover, once defined the
generalized integrals satisfying (1.1), one could obtain a subsequent non absolute change of variable formula for multiple
integrals not involving the absolute value of the Jacobian determinant, as one would expect by analogy with the change
of variable formula for 1-dimensional integrals.

1.1.3 | Finite element method

Delaunay triangulations maximize the minimum angle of all angles of the triangles in a triangulation of a plane point
cloud. This extremal property allows in the finite element method analysis to prevent divergence phenomena due to the
Schwarz paradox. The algorithms we have used do not suffer such divergence phenomena; so, they could be used in the
finite element method on arbitrary triangulations (non-necessarily of Delaunay type).

One can profit further of the above possibility to neglect Delaunay triangulations. In fact, for n-dimensional point
clouds (with n > 3), it is increasingly difficult to generate a Delaunay “tretrahedralization.” On the contrary, we claim
that our convergent algorithms (independent of the maximal Delaunay property) can be applied to efficiently discretize
differential operators on any n-dimensional smooth manifold.

1.1.4 | Teaching

The classical global Schwarz paradox deals with the area of surfaces, and its presentation is often omitted from advanced
calculus curricula. In this work, we have shown that the local form of the Schwarz paradox involves the very definition of
gradient and could be presented at the beginning of a multivariable differential calculus course.'! In this sense, it provides
further motivation to introduce Clifford geometric algebra as a unifying language for Geometry and Analysis.!?

1.2 | The local Schwarz paradox

The derivative f'(xo) of a single-variable scalar function f : Q C R — R at a point x, internal to Q is the limit of the
quotient %, between the differences A f(a,xO) = f(a) — f(xp), and A(a x) =@ —Xo

(axo)

. Af(“%)
Iim — =

a—x, A(a,xo)

1! (x0)

9See [10].

10See, for instance, [11], although it is affected by the Schwarz paradox.
11 As proposed in [8], for instance.

12As advocated in [12] and [13].



4 Wl LEY ROSELLI

The strong derivative f*(xo) is defined!® by a stronger, but fully symmetric, limit

Afap

m
(@b)=(xo%) Agp)
a,b distinct

= f*(Xo0)

of the difference quotient %ﬁ”’). So, f*(x0) = f’(xp) when the strong derivative exists. The existence of those limits
corresponds to a well-known geometric phenomenon: The line secant the graph of f at points (a, f(a)), (b, f (b))

Afa,
y=f@)+ Af( D

(x—a) (1.2)
(a,b)

assumes, as the non-degenerate segment joining a and b contracts to xo, the limit position

y = fxo)+ f'(%)(x — xo) (1.3)

which is the line tangent the graph of f at point (xo, f(xo)).

By analogy, one would expect that planes secant the graph of a two-variable real function at three non-collinear points
always assume as limit position (as those three points converge on the graph to a same limit point) the position of the
plane tangent the graph at that limit point. Amazingly, this is not the case, even for smooth functions.!#

Examplel. Let f(x,y) = V1 —x2. The plane secant the graph {(x, y, f(x,»)) : (x,y) € [-1,1] x R} at points (0,0, 1),
<—a, B, V11— a2>, and (a, B, V11— a2> is defined by the relation between (x, y,z) € R3

(12

z=1-—% (14)

ﬂ(1+m>

« If f = @ and @ — 0, then the limit position of the secant plane (1.4) is the plane z = 1, which is tangent to the
graph of f at (0,0, 1);

« If § = a? and a — 0, then the limit position of the secant plane (1.4) is the planez = 1 — % ¥, which is not tangent
to the graph of f at point (0, 0, 1);

« If p = a3 and « — 0, then the limit position of the secant plane (1.4) is the plane y = 0, which is even orthogonal
to the tangent plane!

1.3 | Some notations for the following

In this work, we perform coordinate-free vector computations. In order to better distinguish dimensionless numbers (i.e.,
scalars) from vectors, we adopt the following notations:

« vectors are denoted by bold Latin lower case letters;

« real numbers are denoted by nonbold Latin or Greek lower case letters;

« [E, denotes a n-dimensional Euclidean space: a real vector space with a positive definite symmetric bilinear form; this
bilinear form is denoted by u - v, for each u,v € E,,.

In particular, if {e;,e;} is an orthonormal basis for E, (i.e.,e; -e; = 0,and e; - e; = e, - e, = 1), X = xe; + ye,,

a=0,b = —ae + fe,, c = ae; + fe,, then the foregoing Example 1 can be resumed as follows: The secant plane
2
z= f(a)— m y has no limit position when the non-degenerate triangle (having vertices a, b, and c) contracts to
1+V1-a
2
the point 0, because lim —%—— does not exist.
p (@,$)=(0,0) ﬂ(1+\/1—a2)

13See, for example, [14-16].
14See also [8].
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In general, for a nonlinear two-variable function f, the local Schwarz paradox corresponds to the nonexistence of the
strong limit

lim Y(fabc
(a,b,6)—(%9,%,Xg) (/abe)
a,b,c not collinear

where r(s 2, is the vector in E, such that the secant plane to the graph of f at points (a, f(a)), (b, f(b)), and (c, f(c))
has Cartesian equation in E, @& R

z2=f(@) +Xabe - (X—a), (1.5)
when a, b, and c are vertices of a non-degenerate triangle internal to the domain Q of f.

Remark 1. The letter “r” in r(s ap.) stands for “ratio,” because we will show that such vector can be considered as a
ratio of a pseudo-vector and a pseudo-scalar in a suitable Clifford algebra.

Remark 2. Vectors of E, will also be called “points,” because we identify the Euclidean vector space E, with a
Euclidean affine!® space &, (modeled on IE,,) where an arbitrary point O € &, is considered as reference point, and it
is identified with the zero vector 0 € E,. This allows us to interpret geometrically some subsets of [E,,. For instance,

o a“line” in E,, is the set
Lapy={aa+pb:a,peR a+pf=1}

for some distinct points a, b in E,;
« three distinct points a, b, and c in [E, are “collinear” if they all belong to a same line;
« a“plane” in E, is the set

Lavey={xa+pb+yc: a,fyeR a+pf+y=1}

for some distinct and non-collinear points a, b, and c in E,;
« four distinct points a;, a,, a3, and a4 in E, are “coplanar” if they all belong to a same plane.

1.4 | Summary of this work
In this work, we first provide explicit coordinate-free expressions of vector r(s a v.c) € E,, both

« asalinear combination® of vectors a, b, ¢ (in Section 3.2) and,
« in Section 3.1, as a noncommutative quotient

(Af(a,b,c) ) (A(a,b,c) ) -

of a multidifference vector

Afabe =1f(b) - f(@](c—a)-[f(c)— f(@)l(b-a) €K,

and the oriented area
Aape =@AD)+(bAC)+(cha)=(b—-—a)A(c—a) e G<2)

with respect to the geometric product of the Clifford algebra!”

G, = Cf(IEZ) =Cf2,0 ER@EZGBG(Z)

2

15See for instance [17].
16 Another linear combination, using vectors normal to the sides of the triangle determined by the points a, b, and ¢, can be found in [8].
17See, for example, [9, 18-22], and Section 4.3.1 (Remark 17) for the notation G( u )

k
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generated by the 2-dimensional Euclidean space E,.

Then, in Section 3.4, we introduce a new multidifference vector A fapb.c), such that the corresponding plane

- -1
2= f@+|(Bfavo ) (Aave) |- x-a)
(called “mean secant plane”) always assumes, as limit position, that of the tangent plane

zZ= f(Xo) + Vf(Xo) - (X — Xp) (1.6)
because we prove!® that the limit

(Zf(a,b,c) ) (A(a,b,c) ) -

lim
(a,b,c)—(%¢.X9.%Xg)
a,b,c not collinear

always exists when £ is strongly differentiable!® at x,, and it is equal to the gradient V f (x,). Moreover, we show in Propo-
sition 1 that the vector T ap.¢), corresponding to the Clifford ratio (K fabo (A(a,b,c))_l, can always be written as a sum

of quotients between numbers (as numerators) and vectors (as denominators), strongly resembling the scalar difference
quotients; more precisely, we will prove that

f@-s@ f(© - f(b)

a—a c—b

f'( f.abe) =

where a is uniquely defined by points a, b, and c in Section 3.3.2.

Then, in Section 4, we extend the foregoing results to dimension three and in Section 5 to arbitrary higher dimensions.?
We decided to proceed to the latter general case slowly, because a reader eventually concerned by the local Schwarz
paradox is not necessarily acquainted to general formulas in geometric algebra, and we esteem that the low dimensional
cases involve computations more affordable for freshmen to Clifford algebras than general relations in Geometric Algebra
as presented in Section 5.

Remark 3. While the tangent and secant lines are represented by analog scalar equations such as (1.2) and (1.3),
tangent and secant planes are proposed differently: The equation of the tangent plane is universally known in the
coordinate-free vector form (1.6), but we have never met in the literature the equation of the secant plane in the
coordinate-free vector form (1.5). The lack of vector r(sapc) from calculus texts makes difficult even asking the
question of which could be the vector analogy of the scalar difference quotient. This gap is not surprising, since
Vector I(s ab.c) is a Clifford ratio and most mathematicians are unfamiliar with geometric algebra.

2 | SOME REMINDERS OF GEOMETRIC ALGEBRA

As announced, in this work, we use the associative vector algebra
Gp=ClE,)=Clno

which is the Clifford geometric algebra®! generated by the n-dimensional Euclidean space E, (the geometric product
being denoted by juxtaposition). In particular, in G,, we have that

« forallv € E, v = v? = v - v, which implies that %(uv +va)=u-v, forallu,vekE,;
« scalars always commute with the geometric product;

18see Theorem 1.

9See Definition 1.

20See Theorems 2 and 3.
21See, for example, [9, 18-22].
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. if {e, ... ,e,} is an orthonormal basis for E, (i.e., e;- €; = 0 when i # j, and e; - ¢; = 1), then

{1} u {ei1 .. 'eik}1§i1<-»-<ik$n with 1 <k<n

is a basis for G,. So, the associative vector algebra G, has dimension 2".

Thus, for instance,

{1, e, e, ee,} is abasis for G,;

{1, e, e,,e3,ee,, €€z, ee3, e;e,e3} is abasis for G;
Definingu Av = %(uv —vu) for each u,v € E,, you can verify thatu Av=-vAu,uAu =0,and u A v =uv when
vectors u and v are mutually orthogonal (i.e., u - v = 0).

Remark 4. Note that, for each u,v € E,, we have that uv = (u - v) + (u A v). In what follows, to limit the use of
parentheses, we adopt the following rule of precedence between operations: geometric product is used first, secondly

«

the scalar product “-,” then “A” is performed, and finally the sum “+.”

2.1 | The 2 x 2 determinant as a Clifford quotient and as a scalar product

Clifford geometric algebra allows coordinate-free vector computations having interesting geometric interpretations. For
example, we can give a coordinate-free interpretation to the determinant of a 2 X 2 real matrix

H1 H2
Vi WV,

as a Clifford ratio. As a matter of fact, let us fix any ordered couple e;, e, of orthonormal vectors in E, (with n > 2), and
let us consider u = p1e; + ure, and v = vie; + v,e; € E, C E,, then

WAVYDL)™ = [(u1e1 + uae2) A (vier + vae;)] (e1€3) ™!

— H1 H2 _ H1 H2
= det ( Vi Vs > ee,(eye;) = det ( v vy >

as, = e Ae, =e e, and (L) = e;e; = —e e, = —I,. Note that, as (u A v)J»)™! = (I,)"'(u A v), one could also write
det < S 0
Vi V2 I,

Remark 5. The geometric product I, does not depend on the particular orthonormal basis {e;, e,} of span{e;,e,}, but
only on its orientation. More precisely, if {g;, g,} is any other orthonormal basis of span{e;, e, }, then gig, (= g1 A g2)
isequal to I, or —I,. That is why I, is called an “orientation” of span{e;, e, }. An analog property and definition is valid
for the product e; - - - e, = I of any ordered list of mutually orthonormal vectors in E, (with n > k).

Remark 6. We recall that spanS means the smallest linear subspace that contains the set S C E,,.

Thus, a 2 x 2 determinant can be considered as the Clifford ratio between the two coordinate-free blades u A v and
I, (a “blade” being the geometric product of nonzero mutually orthogonal vectors). Those elements are also called
“G,-pseudo-scalars,” because they are scalar multiples of the orientation I, of [E, (the Euclidean space generating G,) and
can be interpreted as oriented areas in span{e;, e,} = E,. Later, we will see that this Clifford geometric interpretation of
a 2 X 2 determinant holds for every k X k determinant. Let us also observe that if v = v;e; + v,e;, then

VIZ = (v1e1 + Vzez)elez =vie;e;e; + v,e,e1€, = —vi€1€,e; — v€1€e, = —elez(vlel + ez) = —IzV

= —we; + vie; € span{e;,e;}
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Thus, we can also write a 2 X 2 determinant as a scalar product

det < ‘v“ ’V“ > = @AD" = —Luv—vu)l, = 1 (cuvl, + vul) = 2 (ul + vuly) = (uly) - v = — [um)™] v
1 W2 2 2 2

where ul, is the vector obtained by rotating vector u of a right angle counterclockwise in span{e;, e,} (provided e; and
€

e )
e, are mutually oriented like that: '

3 | THE CASE OF A TWO-VARIABLE FUNCTION

The possibility to express the determinant of a square matrix both as a Clifford quotient and as a scalar product is the key
tool to write in a coordinate-free framework the equation of a plane secant the graph of a multivariable function.

3.1 | Coordinate-free expression of a plane secant the graph of a two-variable function

Let f : Q C E, —» R be a function defined on a subset Q of the 2-dimensional Euclidean space E,. A plane passing
through the three points of £, @ R ~ R?

(a, f(@)) = (me1 + azez, f(@)) . (b, f(b)) = (fre1 + f2ez, f(b)) . (¢, f(€) = (r1€1 + 12€2, f(C))
can be represented by the Cartesian relation

X—m y—a z-f(a)
det| fp—a1 fo—az f(b)— f(a) |=0 (3.1)
n-—m n-—a f(c)- f(a)

between the real variables x, y, z € R. This determinant can be rewritten by a Laplace expansion as follows:

[z—f(a)]det<ﬁl_0‘1 ﬁz_”) —[f(b)—f(a)]det("‘”‘1 Yoo ) +[f(c)—f(a)]det< X—o y—a >

yn—ai y2— yi—oa1 y2—a fr—o pp—a

Then, in G,, Equation (3.1) becomes

z—-f@Ib-a)Ac—a)]d) " - [fb) - f@][E—-a)Ac—-a)]l) " +[f(c)- f@][x-a)Ab-2a)]d)" =0
being x = xe; + ye; € E,, and (x,z) € E, & R. The foregoing relation is equivalent, in G,, to

z—f@Illb-a)Ac—-a)]=[f(© - f@](b-a)Ax—a)—[f(b) - f@)][(c—a)Ax—a)]
Let us define
A@pe = (b—a)A(c—a) [which isalso equal to (a—b) A (b —¢)|
We observe that

1 -a -« 1 _
T, = E det < ﬁl 1 ﬁz 2 ) — EA(a,b,c)(IZ) 1

y1i—ay Y2 —

is the oriented area of the triangle having vertices a, b, and c (the subscript “2” in 7, anticipate the use of 7, as the

hypervolume of a n-dimensional simplex). So, we can write A p.c) = 27215, and (A(a,b,c))_ = ZL(IZ)‘l. Then, the equation
T2

of the secant plane (3.1) becomes

2n[z- f@IL ={[f(c)- f@](b-a)-[f(b)- f(@a)l(c-a)} A(x—a)
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That is,

z=f(a)+ 2%2 {lf©-f@lb-a)-[fb)— f@](c—a}Ax—a)} )"}
=f(a)+ 2%2 {lfr®) - f@lc-a)-[f©) - f@]b-a)} @)} x-a)
=f(a)+ {{[f(b) - f@](c—-a)-[f(c)- f(a)](b—a)} (A(a,b,c))_l} -(x—a)
Thus, we have that

Yrabe = [[f(b) = f@](c—a)—[f(c) - f(@)](b-a)] (A(a,b,c))_l

which is, in fact, the Clifford ratio between the multidifference vector

Afabe =1f(b) - f@](c—a)-[f(c) - f(@)](b-a) €K,

and the bivector

Aape=(b—-a)A(c—a)=(@-b)A(b-c)=2n1

-1
Remark 7. AS¥(;y v v) = <A e ,vz,v3)> <A(th2’v3)) , you can verify that

r(f Vo, Vo, v{,3> = r(f’V1 ,Vz’Vs)

for every triple of non-collinear vectors v1,v,, vz € Q, and every permutation ¢ € S; of the set {1,2,3}. In other

words, vector ¥(sap.c) is a totally symmetric function of its vector arguments a,b,c € E,, as the scalar difference
Afap f(@—f(b)
(a,b) -b

quotient

is a totally symmetric function of its scalar arguments a, b € R.

Remark 8. In the case of Example 1, we have that

« b-—a=-ae;+fe, , c—a=ae;+fe;
« fb)—f(@)=V1-a*-1= f(c)- f(a)
. Af(a,b,c)=2oz(\/1—az2—1>e1

° A(a,l:n,c):_20513"3192

So,

V1i—-a?-1
J/

Firabe = €
3.2 | The vector r(sapc) as linear combination of vectors a, b, and c

Given an oriented triangle in [E, whose vertices are the ordered vectors a, b, and ¢ in E,, we define
Ab=b-a,Ac=c-a,Afy = f(b)- f(a), and Af) = f(c)— f(a)

Let us recall that
* A@pe = (Ab) A (Ac) = 2130,
¢ (Aabo)' = —41 = |AbJ?|Ac|? — (Ab - Ac)?
1
. (A(abc)) ——A@pbe) = _EA(a,b,c) — _£12

] Af(a,b,c) Af(b)AC - Af(c)Ab
e UVAW)= - -v)W— (u-w)v for allu, v, and w in E,.
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So, we can write

Yrabe = (Afabe) (A(a,b,c))_l = (AfwAc— AfAb) [(Ab) A (AS)] !

a ﬁ (AfwAc — AfeAb) [(Ab) A (Ac)]
2

=- ﬁ {AfmAcI(Ab) A (AS)] - AfiAb[(Ab) A (Ac)]}
2

1 1
=~ {Afw(Ac- Ab)Ac) — Afp)|Ac/*Ab} + o {Afo|Ab*Ac — A f(c,(Ab - Ac)AD)|
2 2
_ AfwmlAc]® — Af)(Ab - Ac) Ab + A fo)|Ab|? — A fp)(Ab - Ac)
|Ab|2|Ac|? — (Ab - Ac)? |Ab|2|Ac|? — (Ab - Ac)?

3.3 | Mirroring vectors and points I

3.3.1 | Vector mirrored by a 1-dimensional linear subspace

We recall that to each nonzero vector u € E, we can associate the 1-dimensional linear subspace of E,span{u} = {iu :
A € R} = Ru. Besides, every nonzero vector u € [, is invertible in G,, and u=! = L u Then, given a vector v € E,,, we

[uf?
can write

4, v-u _
1 l=w-u+vauwu'!= u+vauwu!
[ul?

v=vuu = (vuu~

(3.2)

Remark 9. If v € E, is invertible and « € R the expression

a
A"

is unambiguous, because in G, scalars commute with vectors (and with any other element, indeed). As a matter
of fact,

a _ _ a a

= ! ! vV=—v
A V-V [v]?

Remark 10. Notice that (v A u)u~! is orthogonal to u. As a matter of fact,

4[vawu] u=2(vAmultu+2uvAamu =2(vAu) +uvu—uviul =2(vAu)+uv—uava™

=2(vAau)+uv—-vu=2(vAau)+2uAv)=0

As %u is parallel to u, and (v A wyu~! is orthogonal to u, we can consider relation (3.2) as the decomposition of

v = v| + v, into its orthogonal projection v = ﬁu = (u - v)u! parallel to the line Ru = L), and its rejection

v, = (v Awu! orthogonal to Ru (as shown in Figure 1). Thus, the vector ¥, obtained by mirroring v through Ly,
(see Figure 2), can be written as

V=vj-vi=@ -vu! lzm-viul+@@Aaval=u - v+uarviu! =uvu!

1_yoouV
ul?

— (VAU

=[2m-v)-valu™ =2u-v)u"

u-v e span{u,v}

as foreachu,v € E, uv = 2(u - v) — vu. Moreover, |[V| = |v|; as a matter of fact,

A

[¥]? = 9% = uvu luvu?

= ulvfPut = v’

3.3.2 | Point mirrored by a line in E, (with n > 2)

Given three non-collinear points a, b, and c in E,;, we want to mirror point a by the line L4 ¢y passing through the points
b and c. We denote by a the mirrored point (see Figure 3). We can express a by computing the vector v, obtained by
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FIGURE 2 Mirroring vector v through line £ ).

-
Seo
-~
-
-~
-
-~
-~
-~
-~
-~
-
-
-
-
..
-

FIGURE 3 Point mirrored by a line.

mirroring vector v = a — b by the nonzero vector ¢ — b. Thus, the reflected point a can be expressed using the geometric
Clifford product in G,

a=b+(c—-ba-b)(c-b)l=b-2[c-b)-(Ab)](c—b) '+ (b—a)

_,e=b-@b) . (c—b)-(Ab)

— _ — . — -1 _ =
=2b-2[(c-b)-(Ab)l(c—b)"' —a=2b c—b lc —b|2

(C — b) —ae £(a,b,c)
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Thus,

a—-a=2(Ab)-2[(c—b)- (Ab)](c - b)™! = 2(Ab)(c — b)(c —~ b)™! = 2[(Ab) - (¢ — b)] (c — b)"!
=2{(Ab)c~-b) —[(Ab) - (c = b)]} (c—b)" =2[(Ab) A(c - b)] (c —b)"

and |]a—b| = |a—Db]|.

Remark 11. By using Remark 10, you can verify that vectors a — a and b — ¢ are mutually orthogonal. Moreover,

@-aAc—-b)=@—-a)c=b)=2[(Ab)A(c=b)](c=b) ' (c=b)=2(b—a)A(c—b) = 2A@b.e)

3.4 | The mean multidifference vector

Let us define the “mean multidifference vector,”

— 1 1
Afape = 5 (Afabe) + Afaew) = 5 (Afabe — Afabe)

Lemma 1.

Afabe = % {lf@) - f@l(c-b)-[f(c)- f(b)](a-a)}
Proof of Lemma 1.

Afabe == {[f(b) = f@](c—a)-[f(c) - f@)](b-a)} - % {lf(b) - f@](c—2a)-[f(c) - f(@](b-a)}

{f/@ - f@lc+[f(©—fD]a+[f(a)- f@]Ib+[f(b)- f(c)a}

NN

The foregoing Lemma 1 and Remark 9 allow us to obtain a simple expression for the vector corresponding to the
mean multidifference quotient '/ ap.c) = (Z f(a,b,c)) (A(a,b,c))_l, which strongly recall the usual difference quotients (as
anticipated in the abstract and in the introduction of this work).

Proposition 1.

f(ﬁ)—f(a)+f(c)—f(b)

a—a c-b

I'( f.abe) =

Proof of Proposition 1. From Remark 11, we have that a — a is orthogonal to c — b, and (a —a) A (c — b) = 2Aupc).
So, we can write

1, _ 1. - 1= _ _ _ _
Aabe) = E(a —a)A(c—b)= E(a —a)(c—b) and (A@pe) '=2c-b)yla-a)yl=-2@-a(c-b)?
Then, by Lemma 1, we can write

Frave = (Bfave) (Bave) ' = (/@ - f@] (€ -b) - [f(©) - /B G- )} (- b) '@ -a)”
_ @ - 1@ f©= /D)

a—a c-—b

=[f@~-f@l@-a) +[f(c) - f](c-b)"

coherently with Remark 9. O



ROSELLI W I L EY 13

3.5 | Convergence of the mean secant plane to the tangent plane

As we have seen, in the example, the local Schwarz paradox is due to the nonexistence of the limit

. -1
(a,b,c)gglo,xo,xo) (Af(a,b,c) ) (A(a,b,c) )

a,b,c not collinear

Here, we recall?? the definition of strong (or strict) differentiability of a multivariable function at an internal point of
its domain.

Definition 1. A function f : Q C E, — R is strongly differentiable at x, (a point internal to Q) if there exists a
vector £*(Xg) € E, such that for each ¢ > 0 there exists a § > 0 such that if ju — xy| < § and |v — Xy| < §, then

|[f@ = f(v) = £ (x0) - (u-V)[ <€ [u-v]

beingu,v € Q.

Remark 12. We recall that, if a function is strongly differentiable at xo, then it is also differentiable, and the vector
£*(xo) coincides with the gradient V f(xo).

Theorem 1. If the function f : Q C E, — R is strongly differentiable at x, (a point internal to Q), then

. - -1
im (Bfabe) (Aavo) ™ = V/G0)
(a,b,0)—>(%9,%9,%)
a,b,c not collinear

Remark 13. The foregoing result states that the “mean secant plane”
Z2=f@+T ape (X—a)

where ¥ fapc) = <K f(a,b,c)> (A(a,b,c))_l, always converges to the tangent plane
Z=f(Xo) + Vf(Xo) - (X —Xo)

as the nondegenerate triangle with vertices a, b, ¢ contracts to point x,.

Proof of Theorem 1. Let us recall that, given three vectors u, v, and w in E,, if u € span{v,w}, then u(v A w) =
(u-v)w — (u - w)v. So, we can write

Vo) (Aabe) = %W(XO) [(@—a)A(c—b)] = % [V/(x0) - (@ —a)] (c - b) - % [V£(X0) - (¢ —b)] (3 — a)
As (A(a,b,c))_l =2(c-b)l(@a-a)!=-2(a—a)(c-b)!, we can write

Vf(%0) = V/X0) (Aape) (Aape) = [V/X)-(@—a)]@—a)" +[V/(X)-(c—b)(c—b)"
_Vfx)-@-a) V/()-(€-b)
- a—a c—b

223ee, for example, [14-16].
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So, by Proposition 1, we can write

Trabe — V(X)) = [f(@) — f(@) -~ V(%) - @-a)@-a)" +[f(c) - f(b) — Vf(X) (c - b)](c-b)"
_S@-f@-VfX)-(@-a) + f(© - f(b) - Vf(xo)-(c—b)

a—a c-b

a

As |-
v

= % for every a € R and for every invertible vector v € E,,, we have that

|f(@)— f(a) - Vf() (a—a) + |f(c) - f(b) — Vf(X0) - (c — b)]|

|a—al |c —b]|

[T(rabe — V/(Xo)| <

As f is strongly differentiable at x,, we know that, given ¢ > 0, there exists §. > 0 such that if |[u — x| < 6. and
[v — x| < &, then

lf(@) — f(V) = Vi) - (@ —-V)| <elu—-v|

So, if we choose a, b, and ¢ non-collinear, and such that

[T(rabe — V/iXo)| <€

as
+ la=bl <la-xo|+[b-x < % (5¢)

+ 1a=%| < |a—b|+[b—xo| = Ja—b|+[b-x| <35 -

Remark 14. The divergence phenomenon of the local Schwarz paradox is due to the fact that vectorsb—aandc—a
are not mutually orthogonal, in general. On the contrary, vectors a — a and b — ¢ are always orthogonal. Moreover,
the following crucial identities hold:

(a—a)c—-b)=(@-a)A(c—-b)=2(b—-a)A(c—a)

Such key properties of the mirrored points will be used to extend the foregoing convergence result to higher
dimensions.

Remark 15. In the case of Example 1, we have that

. a=2fe,, f@=1
° Af(a,b,c) =0

S0, ¥(fabe =0,and V f(a) = 0, indeed.
In the same example, we could also choose the same points but in a different order. For example, one could choose

a=—ae; + fe,,b=ae; + fe,,c=0

In this case, the mirrored point would be different, and we would have

. Ab:b—a=2ae1 , Ac:c-azael_ﬂez , c_b=_b
* A@pe =(b—a)A(c—a)=—-2afee,

e fB)-f@=0, fle)— f@=1-V1-a?
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+ Afavo =1/®) - f@] -~ [/© - f@]b-a) =22 (VI-a’-1)e,

1-y1-a?
* Tfabo =~ €

as one would expect by Remark 7 and Remark 8; besides,

» a=2b-2[(c-b)-(Ab)](c—b) ! —a=LLge + L2 pe,

a2+ﬂ2 a2+ﬂ2
e A_a— 4af? _ 4d’p 5 _ o2 _ 16a*p?
a—-a= a2+p2 1 a2+ﬂ2e2 ’ |a al - a2+p2
2
. =\ _ 2 3ﬂ2—a2
o = i)
- f@-r@ _ f(c)— f(b)
T =———“(@a-a)+————(c—b) =
Sape |ﬁ—a|2 ( ) |C—b|2 ( )
a2_ 2 3
= ap? b P 2 - a e+
2 2 2
(a2 +p?) 1_a2<3ﬂ;—a2) Vi@ (a2 + p2) [1+\/1—a2]
az+p?
a2_ 2 (X2
- (12 3 ﬂ22 2 > + 4 e2=i'(a,ﬁ)
2 2 — 2
(a +ﬂ) 1_‘12(3()?22_:!;2) + /_1—0(2 (a +ﬂ)[1+\/1 (X]

and you can verify that
(a,ﬂl)i_f)f(lo’o) Fop =0=Vf(0)
4 | THE CASE OF ATHREE-VARIABLE FUNCTION

4.1 | The 3 x 3 determinant as a Clifford quotient and as a scalar product

Let us now recall that the determinant of a 3 x 3 real matrix

Hi11 H12 13
H21 M22 H23
H31 H32 H33

can be written as a coordinate-free Clifford quotient. As usual, let us fix any ordered triple e, e,, e; of mutually orthonor-
mal vectors in E, (with n > 3), and let us consider wy = py1€1 + p12€2 + pi3€s, Uy = pz1€1 + Uaz€s + Hzes, and

us = usi€; + Usze; + Ui zes, then you can verify that

H11 H12 H13
(u; Auy Aus)(I3)7h = det < Ha1 H22 H23 )
H31 H32 H33

because

Uy AUy, AUy, = €;U1 AU A3
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for each permutation ¢ € S; of the set {1, 2, 3}, having parity ¢, € {—1, 1}, where

u AU AUz == (1uus — Uz, + Uz u; — Uzl,u; + upusu; — upu;us)

e )

1
> [((a; Auz)us +uz(u; Auy)] = 5(“1“2“3 —uzupuy)

and I; =eje,e; =e; Aey Aes, sothat (I3) 7! =esese; = —I;

Remark 16. As I, before, also I3 does not depend on the particular orthonormal basis chosen to define it in
span{e;,e;,e;} C [,, but only on the orientation of that basis. More precisely, if {g1,8,, 83} is any other orthonor-
mal basis of span{e;, e,, e}, then g; A 8, A 83 = g1828; is equal to I3 or —I3. That is why I is called an “orientation”
of span{e;, e;, e3} = E;.

Thus, a 3 X 3 determinant can be considered as the Clifford ratio between the two “3-blades” u; A u, A uz and Iz (a
“k-blade” being the geometric product of k nonzero and mutually orthogonal vectors). Those elements can also be called
“Gs-pseudo-scalars,” as Gj is generated by E; = span{es, e, es;}, and can be interpreted as oriented volumes in E;. Let
us observe that if

V= Vi2€1€; + vy 3e1€3 + Vv, 36283 € span{elez, ee3, ee3} = G(3)
2

(such elements in G5 are also called the “2-vectors™), then

VI3 = (vi2€1€; + v 3€1€3 + V23€,€3)€1€,€3 = V1 2€1€,€1€,€3 + V] 3€1€3€1€,€3 + V,3€,€3€1€,2€3
=V]2€1€,€3€1€; + V] 3€1€,€3€1€3 + 1,3€1€,€3€,€3 = e1€€3(v 2€1€; + Vi 3€1€3 + Vy3€2e3) = LV

=—vipe3+ Vi€ —Vr3e; € s

that is why the elements in G/, are also called “G;-pseudo-vectors”: Geometric multiplication by I3 establishes a duality
2
between vectors of E; and elements of G /5. In a similar way, you can verify that ul; = Isu for all u € E;. The foregoing

2
properties allow us to write a 3 X 3 determinant as a scalar product

Hi1 H12 H13 ) 1
det|{ p21 po2 23 =W A Auz)I3)™ = 3 [(u; Auz)us +uz (U Auy)] I3
H31 H32 H33

1 _
== 5 (W Aw) Lus +us (@ Av) Bl =~ [ Aw)L] - s = [ Aw)T3) 7] - us
where (u; A uy)(I3)7! is a vector orthogonal to span{u;, u,}, because it is orthogonal to both u; and u,, as
[ AT - wy = (uy A Au)(I3) 7' =0 and [(wy Aw)(T3) 7wy = (w Awp Aup)(T3) ™ =0

As a matter of fact, (u; A uy)(I3)~! corresponds to the classical Gibbs and Heaviside cross product of u; and u,, when
E; = span{e, e,, e;} is identified with R3.

4.2 | Coordinate-free expression of a hyperplane secant the graph of a three-variable
function

Let us write the equation of a hyperplane secant the graph of a three-variable function f : Q C E; — R at four
non-coplanar points of that graph. A hyperplane passing through the four non-coplanar points

(@, f(@)) = (@1€1 + aiz2€z + ajzes, (@) EEs DR
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with i = 1,2, 3,4, can be represented by the Cartesian relation

X1— 011 Y2— 012 X3— 013 zZ— f(a)

a1 — oy G — a1 a3 — a3 f(ay) — f(a)) | _ 0 4.1)
a31— a1y a3p— a1 33— a3 f(az) — f(a) |~ '
g1 — g o4 — a1 43— a3 f(ag) — f(ar)

det

between the real variables y1, y2, ¥3,2 € R. This determinant can be rewritten by a Laplace expansion as follows:

(o1 — @] Oy — Q1 023 — 013 X1—011 J2—012 Y3— 013 >
+

[z — f(ap)]det ( 31 — Q1] 33 — 01 @33 — 013 > = [f(a2) = f(a))] det < 3] — Qi) 033 — Qi @33 — Q13

(a1 — @11 X4p — X3 X43 — @13 Qg1 — @11 Gap — @12 K43 — @13

X1— 011 Y2— 012 X3 — 013 X1— 011 Y2— 02 X3— 013
+[f(as) — f(ap)]det| az1 —a11 azp —a1p a3 —arz | —[f(as) — fapldet| az1 — a1y azp — @12 az3 — 13

d41 — 011 Qg — Q12 H43 — A3 31 — A1 A32 — Q12 X33 —A13

Then, in G3, Equation (4.1) becomes

[z— f@a)] (@ —a) A @;—a) A(as—a)l(3) ™ — [f(a) — f@)] [(x—a) A(as —a) A (as —a)] 3) '+
+[f(a3) — f@)][(x—a) A @ —a) A @ —a)] 3 = [f(a) — f@)][x—a)) A@ —a))A@;—a)] @5 =0

being x = y1e1 + y.e; + y3e; € Es, (%,2) € E; @ R. The foregoing relation is equivalent, in G3, to

[z— f(aD][(az —a)) A(az —a) A(ag —ay)] = [f(a2) — fa)] [x—a)) A(@as —a)) A(ag —ay)] +
—[f(as) — fapl[(x—a;) A(az —a1) A (ag — a)] +
+[f(ag) — f(@aD] [(x—a;) A(az —a;) A (a3 — ay)]

Let us define

Afa ayana,) = @ —aD) A (a3 —a) A (ag —ay) [which is also equal to — (a; — a) A (a2 — a3) A (a3 — a4)] .

We observe that

a1 — a1 Q22 — A2 23 — 13 1
=Z=det| as1—ay; azp—ap 33— @ ==-A It
T3 = € 3,1 1,1 @32 12 ®33 1.3 = 6 (a.a.a5.2,) 13
41 — A1 Q42 — Q12 Qg3 —A13

is the oriented volume of the tetrahedron having vertices a;, a,, a3, and a4. So, we can write A(al aa,8,) = 67313, and

-1
(A(al,az,a3,a4)> = é(]g)_l. By denoting Afa,) = f(a;) — f(a;) and Aa; = a; — a;, when i = 2,3, 4, the equation of the

secant hyperplane (4.1) becomes
1 _
z=f(a)) + o {Afayx —a1) A Aaz A Aay — Afa)(X — a1) A Aay A Aay + Afa,) (X —a1) AAay A Aag ) (1)
3
1 _
=/ +— {Afaphas A Aag A (X —a1) — Afa)Aay A Aag A (X —a1) + Afa,)Aa, AAas A (x—ay)} (1)
3
1 _ _ _
=f(a) + P {Afay(Daz A Aay)I3) ™" — Afa)(Aay A Aag)(T3) ™" + A f,)(Aay A Aaz)(T3) 7'} - (x —ay)
3

1 _
= f(a) + y {[Af@,yAas A Aay — Afa)Aay A Aay+ AfaAap AAas] (I3)7' )} - (x— ay)
3

Thus, we have that the vector Y(fa.,a.a,) € Es, characterizing the equation of the hyperplane secant the graph of f as
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Z= f(a'l) + r(f,al,az,a3,a4) : (X - a1)5 iS

4
-1
— i i
r(fsal"“zf“z"“ﬂ - Z =1 Af(a")A(al,az,as,ﬂ4)] (A(al,az,aya[‘))
i=2

(where A? = AazAAa,, A3
als“2~33v34) (31,32,33,34)

between the multidifference G;-pseudo-vector

= Aay AAay, A4

(als32v33>a4)

= Aa,; A Aa;), which is, in fact, the Clifford quotient

Af(al,a2,33,a4) = Af(az)Aa3 A Aay — Af(aS)Aaz A Aay + Af(a4)Aa2 A Aaz € G(3)
2
and the G;-pseudo-scalar
A(apaz,az,%) = Aa; A Aaz; A Aay = 61315 € G( ) ~ RI3

3
2

4.3 | Mirroring vectors and points II

4.3.1 | Vector mirrored by a 2-dimensional linear subspace

We recall that to each pair of linearly independent vectors u;, u, € E,, we can associate the 2-dimensional linear subspace
span{u;,u;} C E,. Moreover, u; A u, is always a 2-blade. As a matter of fact, there always exists an orthogonal basis
{g1,82} of span{u;,u,}, and you can verify that u; Au, is a nonzero multiple of the geometric product g, g,. We recall that

« the square of every 2-blade is a nonzero scalar,
« every 2-blade B is invertible in G,, and B~! = 1p

B2

Let us recall that, if v € E,,, and B = u; A u, is a 2-blade, then
v=vVBB! = (VB)B ! =(voB+VAB)B!=(woBB !+ vABB! 4.2)
where

voB:%(vB—Bv) = —Bov e G(”

vAB:%(vB+BV)=B/A\V€G(n>

3

vy Aup) =VAU AUy

G, .« = R if k=0
("> B { Span{ei1 o 'eik}1§i1<-»-<ik§n fl<k<n

k

Remark 17. Elements of G<n> are called “k-vectors.” Notice that the dimension of G(n) is the binomial
k k

n
. . ny\ _ n! —
coefflclent( k) = oo Moreover, G, = kGBO G(:)'

Remark 18. We recall that the foregoing operations “o” and “A” can be extended? to k-blades B = u; A -+ - Aug =
k

j:1uj € G(Z) where

WA AU =— Zegugl~-~ugk

ZSee, for example, [23] or [24].
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(Sk being the group of all permutations of {1, ... ,k}, €, € {—1,1} the parity of permutation ¢), as follows

voB = % (VB - (-1)Bv) = (-1)**'Bov € G( ")

V/A\B:% (VB+ (-1*Bv) = (-1)'Bav € G( )

k+1

We also recall that

k k
vou A---Aw) = ) (D (v-u) A
i=1 j=1
J#i
VA A AU) =VAUL A ... AUy

So, we have the following
Bv = 2(Bov) + (=1)*vB = (Bov) + (B A V)

Remark 19. Notice that if u and v are vectorsin E,, thenuov=u-vanduv=uAv.

@ 9

Remark 20. The operations “o” and “A” are particular cases of more general operations between blades. More
precisely, if H is a h-blade, and K is a k-blade, then

HoK = = (HK — (-1)"*KH) = (~1)"*'KoH is called “graded commutator”

HAK =

N =N =

(HK + (-1)*KH) = (-1)"*K A H is called “graded anti-commutator.”

Such operations can then be extended, by linearity, to linear combinations of blades, that is, to every element of the
geometric algebra G,,.

Remark 21. If B = u; A u, is a 2-blade, then (v A B)B~! is a vector that is orthogonal both to u; and u,, that is, to all
2-dimensional span{u;,u,}. As a matter of fact, for i = 1, 2, we have that

2[vAB)B™| -u; = (VABB 'u; +u(vABB!
You can verify that Bu; = —Bu; (for i = 1,2 ). So we have that
2[(vAB)B™'| -u; = [~(v A B)u; + u;(v A B)] B
AsVv AB=v Au; Au, is either zero or a 3-blade, then we can write
4[vABB!'| wi=[w;A(VAB]B =W AVAU AU)B ' =0
In a similar way, you can verify that for every vector v € E,,, we have that
v = (voB)B™! € span{u;,u,}
So, relation (4.2) corresponds to the orthogonal decomposition of vector v with respect to the 2-dimensional linear
subspace span{u;,u;} = Loy, u,)-

Then, the vector ¥, mirrored of vector v by the 2-dimensional linear subspace span{u;,u,}, can be written as

Vv =v| -V, =(oB)B ! —(VAB)B ! =[(voB)— (VAB)|B =[-(Bov) — (BAV)]|B!
=—[(Bov)+ (BAV)|B™! = —=BvB ! = — [2(Bov) + VB] B! = —2(Bov)B ™' —v
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Moreover, [V| = |v|; as a matter of fact,
[¥|?> =¥¥ = BvB'BvB™! = BvwwB™! = |v|?BB! = |[v|?

Remark 22. Notice that V is in span{u;, u,,v}.

4.3.2 | Point mirrored by a plane in E, (with n > 3)

Given four non-coplanar points a;, a,, a3, and a, in £, (with n > 3), we mirror the point a; through the plane L, a, a,
generated by the points a,, a3, and a,. We denote a; the mirrored point.

We can express a; by computing in G, the vector V¥, obtained by mirroring vector v = a; — a, by the 2-blade L; =
La,a,a,) = (a3 —a2) A (a4 — ap).

More precisely, the mirrored point a; can be computed by using the geometric Clifford product in G, as follows:

a; =a, — Li(a; —ay)(L1) " = a, —2[Lyo(a; — a)] (L) ™" = (a; — ay)

=2a, — 2[Lio(a; —a,)] (L))" — a; € span{a;,ay, as,as)
Thus,

a; —a; =2(a; —a;) — 2[Lio(a; — a)] (L)™' = 2(a; — a;) + 2[(a; — ap)oL1](L1)™!
=2(ay — a;1)L1(L1) ™ — 2[(a, — a1)oLq] (L)™' = 2{(a, — a1)L1 — [(a, — a1)oLq]} (1)}
=2[(@y—a;)) AL T (L) = 2[(az —a1) A (a3 — a2) A (a4 — 25)] [(a3 — a2) A (ag — )] ™"

=2[(a; —a1) A (a3 — ay) A (a4 — ay)] [(a3 — a2) A (ay — a3)] ™!
and you can verify that |a; — a,| = |a; — a|.

Remark 23. By using Remark 21, you can verify that the vector a; — a; is orthogonal to both a, — a3 and a; — a,.

Then, we mirror the point a, through the line L, a,), obtaining a; such that
a,—a,=2[(a; — ) A (as — a3)] (a4 — a3)"' € spanf{a; —a,, a4 — a3}
as shown in Section 3.3.2. Thus, we have now that vectors a; —a;, a, — a,, and a; — a4 are mutually orthogonal. Moreover,

(a_l_ al) A (a_z— az) Ay —az) = (3_1 - al) (3_2 - az) (a3 —az)=2 (a— 31) [(a3 — ay) A (as — a3)] (a4 — a3) ' (a4 — a3)
=2(a;—a;) [(a3 — a;) A (a3 — a3)] =4(a —a1) A (a3 — ay) A (a4 — ay)

=4a—a)A @ —a) A @ —a) =44,

,32,33334)

4.4 | Convergence of the mean secant hyperplane plane to the tangent hyperplane I

Definition 2. Let us define the “mean multi-difference (G< s )-pseudo-vector,”
2

Kf(al,az,a3,a4) = % {[f (a_l) - f(al)] (a._z— az) A (34 - a3) - [f (a_Z) - f(aZ)] (a_l - al) A (a4 - a3)+
+[f(a) - f(az)] (a1 —a1) A (22— ay) } € G(3>

Remark 24. The term “mean” in the foregoing definition is due to the fact that

e 1
Af(al ay,83.8,) = Z {Af(al ayazay) Af(iaz,as,%) - Af(al»a_z»as,azx) + Af(a_],g,aya[,)}

as you can verify.
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Remark 25. The mean multidifference G( s ) -pseudo-vector can also be written as

2

Zf(ahaz,as,azx) = % {[f (a_l) - f(al)] (a_2 - 3.2) (34 - 3.3) - [f (a'_Z) - f(aZ)] (a_l - al) (3.4 - 33) +
+[f(as) — f(a3)] (a1 —a1) (a; — &) }

because vectors a; — aj, a; — a,, and a4 — a; are mutually orthogonal.

Proposition 2.

[ (@) - f(@) i (a2) - f(a2) L @) - /@)

f =
,a,,a,,a5,a — —
(f 1,827,253 4) a, —a; a, —a, as — as

Proof of Proposition 2. From Remark 23, we have that a; — a;, a, — a,, a, — a3 are mutually orthogonal, and
(a1 —a1) (a2 —ay) (a4 — a3) = 4(a, a,a,.a,)- SO, We can write

By = § (0 =) A (7= 0) A=) = (A - 1) (35 - o0) s =

A ‘1_4 1= -1, 1_ 1 -1, -1
( (31,32,33,;14)) =4(as—ay) ' (az—ay) (a1—a;) =-4as—ay)'(a;—a) (a;—ay)

4.3)
=4(m-a)  (ar—ar) (s —ay)!
Then, by Remark 25, we can write
_ — -1
r(f’ahazvasv"%) = (Af(al,az,a3,a4)> (A(al«apas&)) =
= [/ (a1) - f(@)] (a1 - 31)_1 + [/ (22) - f(@)] (a2 - az)_l +[f(as) — f(a3)] (ag —a3)~"
O

Theorem 2. If the function f : Q C E; — R is strongly differentiable at x, (a point internal to Q), then

— -1
(ay.a5.a, a41)lir(lxo XoXg:Xg) (Af(al,az,aS,a4)> <A(a1,a2,a3,a4)> = Vi)
a,,a,,a;,a, notcoplanar

Remark 26. The foregoing result state that the “mean secant hyperplane”

z=f(a)+ Ef(alvaz'am) -(x—ap)

— -1
wherer;, .. = (A f(al,az,a3,a4)> <A(a1’a2’a3’a4)> , always converges to the tangent hyperplane

z2=f(Xo) + Vf(X0) - (X —Xo)

as the non-degenerate tetrahedron having vertices a;, a,, as, and a, contracts to the point x,.
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Proof of Theorem 2. Let us observe that

V £ (Xo) (A(al’az,as,a4)> =V f(Xo)o <A(a1,a2,a3,a4)>

= [V o) (AT —an)] (8 - ) A e —29) - 5 [V (ko) (8 —2)] (8 — 1) A e —a9)+
11/ (o) - (as - a)] (A - a1) A (3@ - 22)

= [V o) - (a1 - an)] (82 - @2) (e — 2) — 1 [V (ko) - (@ - 2)] (87 - @) (@ — ) +
31/ (o) (s — )] (a7 - au) (a5 - @)

By relations (4.3), we can write

V/(x0) = V£ (X0) (Aabe) (Aabe)
= [V/@o) - (@ — )] (@ —a1) ™ + [V/(x0) (32— 2)] (32— 22) ™ +[V/(X0) - (as — 23)] (a4 — 23)"
_ Vo) (a1 —a)) . Vf(xo)- (az — a3) L V0 (@4~ a3)
a; — a—a as —az

So, by Proposition 2, we can write

—\ v L
f(fsal,az,a3,a4) _ Vf(XO) _ f (al) f(a-l)_[ f(X()) (a1 al)] N
a; —a;

i (a2) = f(@2) = [V/(%0) - (a2 — 23] @)~ f@n) ~ [V (%) - (2~ ay)]

a —ay a — az

Thus,

|/ (@) - f@) - V/(xo)- (@ - )|

la; —a;]

o ~ VI O0)] < N

|/ (@) - @) - Vi) (3@ - )] L @) = 7(@5) = /(%) @ = a)|

+ —
|a; — ay| las — as|

As f is strongly differentiable at x,, we know that, given ¢ > 0, there exists §. > 0 such that if |[u — x| < &, and
v —%x¢| < 6, then

lf(@)— f(v) = Vf(X) - (u-V)| <elu-v|
So, if we choose a;, a,, a3, and a4 non-collinear, and such that
la; — xo| < % <5§>, for i=1,2,3,4
then
¥ apasen — VS 0| < €

as, fori =1, 2,3, we have

2
o lai—ain| <fai —Xo| + |a — Xof < 3 <5§)
o lai —xo| < a; — ag| + 2 — Xo| = |a; — ap | + |2 — Xo| < 5¢
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Remark 27. The key property that provide the convergence of the mean secant hyperplane is the following chain of
identities

(a_1 - a1) (a_z - az) (ag —a3) = (3_1 - 31) A (a_z - az) A(ag —az) = 4A(al,a2,a3,a4)

implied by the orthogonality properties of the constructed mirrored points based on the four non-coplanar points a;,
a, as, and ay.

5 | THE CASE OF AMULTIVARIABLE FUNCTION

5.1 | Ak Xxkdeterminant as a Clifford quotient and as a scalar product

(Ml,l Ml,k)

Hka - Mk

can be written as a coordinate-free Clifford quotient in G, (with n > k). Let us fix any ordered set ey, ... , e, of mutually
orthonormal vectors in [E,;, and let us consider

The determinant of a k X k real matrix

k
u; = Z Hij€j
j=1

withi=1, ... ,k, then you can verify that
Hi1 .- M1k
WA o A)T) P =det| 2o
Hka -+ Mkk

because

Us, A .. Allg, = €U A ... Al

for each permutation o € Sy of the set {1, ... , k}, having parity €, € {—1,1}, where

k(k—1)
Ii=e; ..e,=e A ..Aesothat(y)  =er ...e; =(-1)" 2z I

Remark 28. As I, and I3 before, also Iy does not depend on the particular orthonormal basis of span{e;, ... ,e;} =
Ey C E, to define it but only on the orientation of that basis. More precisely, if {g, ... , gk} is any other orthonormal
basis of Ey, then g A ... Agk =81 ... 8 isequal to Iy or —Ii. That is why I is called an “orientation” of E.

Thus, a k X k determinant can be considered as the Clifford ratio between the two “k-blades” u; A ... A u, and I (a
“k-blade” being the geometric product of k nonzero and mutually orthogonal vectors). Those elements can also be called

“Gyg-pseudo-scalars,” as Gy, is generated by E; = span{e,, ... ,e;}, and can be interpreted as oriented hyper-volumes in
Ek.
In general, if {e,, ... ,e,} is an orthonormal basis for E, and

V = Z "ilw,ikeil"'eik EG(,,)

1<i)< ... <iy<n k
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(such elements in G,, are also called the “k-vectors™), then

n-1
Vi, = Z Vip, ..., €, € €1 eq =(—1) Z Viy, .. i€ " €i_ €1 enej

1<i; << <n 1<i; << <n

= (_1)(’1—1)16 Z Vi],“wikel . eneil . eik (= G( " )

1<i, <<y <n n-k

— (_1)(n—1)kInV

that is why, when k = n — 1, the elements in G ( n ) are also called “G,-pseudo-vectors”: Geometric multiplication by

n-1

I, establishes a duality between elements of G ( n ) and vectors in E, = G () So, we have that VI, = (-1)® V',V =

n-1 1
(-=1)"1I,V, for each G,-pseudo-vector V€ G, , .

n—1

The foregoing properties allows us to write a k X k determinant also as a scalar product

HLl --- Mk 4 ki) k)
det{ : -~ = A AT =CED "2 (WA A = (D)7 [(ap A Awgeer) Al I

Hi1l .-+ Hik
k(k—1)
(_I)T k—1
=—F [ A AmeDue + (D (g A Awey)] I
k(k—1)
(=D> k-1
= [y A Ay + (D (g A A
=)
(=12

= (_1)1{_17 [ A= A DI + ey A - - Aty

=D g A Amee)T) T - ug

We can also verify that the vector (u; A ... Aug_1)Ix is a vector orthogonal to span{uy, ... ,ui_; }, because it is orthogonal
toeach u; (wheni=1, ... ,k — 1), as you can verify that

[ A Awm DT w = (A Ameo Au)T) T =0

5.2 | Coordinate-free expression of a hyperplane secant the graph of a multivariable
function

Let us write the equation of a hyperplane secant the graph of a multivariable function f : Q CE, — R at n + 1 points of
that graph non being on a same (n—1)-dimensional hyperplane. Ife;, ... , e, is an orthonormal basis for E,, a hyperplane
passing through such n + 1 points

J

(a;, f(a) = < ai,jejsf(ai)> eE,®R
=1

withi=1, ... ,n+ 1, can be represented by the Cartesian relation
X1—011 .. Yn—®n z— f(ay)
det| %1 B a1 @2~ A1 f(az) - f@) |_ 0 (5.1)

11 — 011 .- Apyip — @1 f(ap) — f(ar)
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between the n + 1 real variables y, ... , yu,Z € R. This determinant can be rewritten by a Laplace expansion as follows:

—a —a
a1 — Qa1 ... Q2p—Q1p 05?1 _ all'll Ogn _ all’n
. N 3 s cee N7} \n
[z — f(a;)]det . - [f(a2) — f(ar)] det : .. : +
a —a ... @ —a ) ’ ’
mLl AL niln T B Upi1l = ALL -on Onpln = A
Xxn—a1 ... Yn—Qin
021 —®11 ... Q2p—QA1p X1 — 011 Xn— Q1n
+[f(a3) — fapldet| asi—e11 ... p—arn |—-- -+ (D" [f(@n1) — f(ar)]det : :
: : Op1 — 011 ... App — 01
Xpy1,1 —A11 ... Apgln — A

Then, in G3, Equation (5.1) becomes

[z— f@D][(@ —a) A~ A@u1 —a)]T) ™ = [f(@2) — f@)] [(X—a)) A@s—a) A~ A @pe —aD)]Tn) '+
+[f(az)— f@D][x—a)A@ —a;))A@ —a)A--A@u —a)] ) — ... +
+ (D" [f(ans1) — f@)][x—a)A@ —a))A---A@, —a)]) " =0

being x = zn: riei € Ey, (x,2) € E, @ R. The foregoing relation is equivalent, in Gs;, to
i=1
[z—f@ap]l(@a—a)A---A@ —a)] = [f(ax) — f@)][Xx—a)) A(az —a)) A--- Aage —ag)] +
- [f@a) - f@a)l[x-—a)A@—-a)A@—a)A- A —ap)]+
+o+ CD" [ f@n) — f@DIIX—a) A (@ —a) A+ A (2, —a1)]

Let us define

n+1

A, . a,) =@=-a)A@—a)A--A@p—a1) = _/_>(az- —ap)

[which isalsoequalto (—1)"(a; —ax) A(az —az) A--- A(a, — an+1)]

We observe that
1 X1 — A1 ... Q2p —Q1p 1 L
Tn = il det : g : = EA(al,.A.,anH)(In)
Xnt11l — X110 .- Apgin — Xn
is the oriented hyper-volume of the simplex having vertices a, ..., a,, and a,1. So, we can write A(a1 ) = n't, 1,

-1
and <A(al’ ,am)) = #(In)‘l. By denoting A fa,) = f(a;))— f(a;) and Aa; = a;—a;,wheni =2, ... ,n+1, the equation
of the secant hyperplane (%.1) becomes

1
z=f(a1)+ﬁ{Af(az)(x—al)/\AagA.-~/\Aan+1—Af(ag)(x—al)/\Aaz/\AaA;/\---/\Aan+1+---+
*Tn

+ED"™ A fa, X —a) AAay A AAa, ) (T)7

If we define

n+l1

Al(al,“.,anﬂ) = J/z\z Aaj =Al'e G( n )

n-1

J#
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the equation of the secant hyperplane (5.1) becomes

1 _
z=f(a)+ P {Afayx—a) AN —Afa)x—a) AN+ + Af, (X—a) AA}(I,)7!
+tn

n+1

1 _
= f(a) + — {x—a) A [Afa)A® = Afa)A’ + -+ Afa, A} A
“tn

(_1 n-1

=f(a) + {[AfpA® = AfayA® + -+ Af, ) A" Ax—a)} I

n't,

= f(a) + # {[AfapA® = Af@pA® + -+ Af, ) A" T) ™'} - (x—ay)

= f(a) + { [AfapA? = AfayA + - - + Afa, A" (A(al,...,anﬂ))_l} ‘(x-ap)

Thus, we have that the vector r(,, . ) € E, characterizing the equation of the hyperplane secant the graph of f as
2=f@)+T(ra  a,) X—a1)is

n+1 ) ) 1
r(f,al, ) T Z (_1)1Af(ai)Al(al, ) (A(al,... ,an+1)>
i=2
which is, in fact, the Clifford quotient between the multi-difference G,-pseudo-vector
n+1
— i i
Af(al’ van+1) - ; (_1) Af(ai)A(ap ,an+1) e G( nil)

and the Gp-pseudo-scalar A¢, 5 ) E G ( > ~ RI,.

5.3 | Mirroring vectors and points III

Here, we simply iterate the process already followed in the two foregoing cases. More precisely, if n > 3, we consider n+ 1

pointsay, ..., a,4; in E, as vertices of a non-degenerate simplex (i.e., A(al, ) # 0), we construct n — 1 mirrored points
aj, ..., a,_; in E, in the following way:

« a; is obtained by mirroring point a; through the hyperplane L, . a.,)

« a, is obtained by mirroring point a, through the hyperplane L, ... a,,);

* a,_, is obtained by mirroring point a,_, through the plane L, a a,,,);
« a,; is obtained by mirroring point a,_; through the line E(amam)’

where Ly, ..vy) = {vivi+---+ vV o vi,---, v € R, vy +---+ v, = 1} is the hyperplane passing through points
Vi, ... ,vip € E,.

All that points a; can be obtained by mirroring vectors a; — a;; through the (n — i)-dimensional subspace span{a;, —
ai41, --- »An41 — A341 }, respectively, by using the corresponding (n — i)-blade

L = (@2 —ai) A A (@ne1 — ai41)
as computed in the two following paragraphs.

5.3.1 | Vector mirrored by a k-dimensional linear subspace

We recall that to k linearly independent vectors w,, ... ux € E,, we can associate the k-dimensional linear subspace
span{uy, ... ,ux} C E,. Moreover, u; A ... Auyis always a k-blade. As a matter of fact, there always exists an orthogonal
basis {g1, ... .8} of span{w,, ... ,u;}, and you can verify that u; A ... Auy is a nonzero multiple of the geometric product

g1 ... 8. We recall that

« the square of every k-blade is a nonzero scalar,
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« every k-blade B is invertible in G,, and B~ = éB.

Let us recall that, if v e E,,, and B=u; A - - - A uy is a k-blade, then

v=vVBB ! = (VB)B ! =(voB+VAB)B!=woBB !+ vABB! (5.2)
where
VoB = % (VB = (-1)!Bv) = (-1)**'Bov € (G< ")
k-1
VAB= % (VB+ (-1)*Bv) = (-1)*BAv € (G( )
k+1
We also recall that
k k
VoW A---Aly) = 2 D v -w) /\ u, (5.3)
i=1 Jj=1
J#i
VAMIA - AU) =VAULA ... AUy (5.4)

So, we have that
BV = 2(Bov) + (—=1)*vB = (Bov) + (B A V)

Remark 29. If B=u; A - -- Auy is a k-blade, then (v A B)B~! is a vector that is orthogonal to all u, ... , ug, that is, to
all k-dimensional span{uy, ... ,ux}. As a matter of fact, fori = 1, ... , k, we have that

2[(vAB)B™| -u; = (VABB 'u; +ui(v AB)B!
You can verify that Bu; = Bou; = (—=1)*'u;0B = (-1)*'Bu; (fori = 1, ... , k). So we have that
2[vABB] -u; = [(-1)**'(v A B)u; + u;(v A B)| B
ASVAB=vVAuU; A---Auygiseither zero or a (k + 1)-blade, then we can write
4[(vABB!'| wi=[wiA(VABIB ' =(WAVAWA---AW)B =0
In a similar way, you can verify that for every vector v € E,, we have that
v| = (voB)B™! € span{uy,- - -, ux}

So, relation (5.2) corresponds to the orthogonal decomposition of vector v with respect to the k-dimensional linear
subspace spanf{uy, ... ,ux} = Loy, ... u-

Then, the vector ¥, mirrored of vector v by the k-dimensional linear subspace span{u, ... ,ux}, can be written as

¥V =v)—vL=(VoB)B' = (VAB)B™! =[(VoB) = (VA B)] B = [(-1)**'(Bov) — (-1)*(BA V)| B
= (-1 [(Bov) + BAV)] B! = (-1)**'BvB™! = (-1)"*! [2(Bov) + (-1)*VB| B™! = (-1)**'2(Bov)B™! —v

Moreover, [V| = |v|; as a matter of fact,
[¥]?> =¥¥ = BvB'BvB™! = BvwwB™! = |v|?BB! = |[v|?

Remark 30. Notice that V is in span{u,, ... ,u,Vv}.
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5.3.2 | Point mirrored by a multidimensional hyperplane in E,
Let n > 3, we consider n + 1 points a,, ..., ap41 in B, such that A, 5 ) #0.

While 1 < i < n -1, we consider the a hyperplane L, . ... a,,,) Passing through n + 1 —i points a;;1, ..., ay41. Then,
we mirror the point a; through that hyperplane L, _, )- We denote a; the mirrored point.

(0 LI ’an+1

We can express a; by computing in G,, the vector ¥, obtained by mirroring vector v = a; — a;;; by the (n — i)-blade

n+l-—i
Li=La,.. . a,)=@p-a)A ... AAg — Q1) = /\ (@i —a;1)
j=2
fori =1, ... ,n— 1. More precisely, the mirrored point a; can be computed by using the geometric Clifford product in G,
as follows:
a =ag + (D" L — a) L) = A + (D2 [Lio(a; — a)] (L) — (a5 — ag)
=2a;1 + (-1D)"12[Lio(a; — ai41)] (L)' — a; € span{a;, ai,, ..., An4}
Thus,

a —a; =2 —a) + (=112 [Lio(a; — ai )] (L)~ = 2@ — &) + 2 [(@ — a1)oLi] (L)~
=2(a1 — a)LiL) ™" = 2[(ai1 — a)oLi] (L)™' = 2 {(au1 — a)L; — [(@i1 — ap)oLil} (L)~
=2[(ay1 —a) ALI(L)™

and you can verify that |a; — a;;1| = |a; — a;;1|. Let us prove a key property in the construction of the mirrored points.

Lemma 2. By keeping the notations and hypothesis of this section, we have that
@1 —a) AL =Ly

foreachi=2, ... ,n-1
Proof of Lemma 2.

@ —a)ALi=@u —a)A@2—a) A ... A@pyr — a41)
=@ —a)A@y—a;+a;—a ) A ... A(@pyr — & +a; — a41)

=@y —a)A@2—a A ... AN@py1 —a) =Ly

Remark 31. By using Remark 29, you can also verify that each vector a; — a; is orthogonal to all a;., — a;1, ...
Ap41 — Ajy-

At the end of that process of mirroring the n — 1 points ay, ..., a,_1, we have that vectors
a;—aj, ... ,a,1 — a1, and a1 —a,

are mutually orthogonal. Moreover, the following key property holds.

Proposition 3. By keeping the notations and hypothesis of this section, we have that

[(3_1— 31) A A (m - an—l)] A@p —ay) = 2'1_1A(a1

seeeyy)
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Proof of Proposition 3. By Lemma 2, we can write a; — a; = 2L;_1(L;)™!. So, by the foregoing orthogonality property,
we can arrive at a telescopic product

[(ar—ai) A (a2 —ax) A (s —a3s) Ao A (Bnmd = 8pe1)] A @pa —20) =
= (@ -a)A (@ -a) A (a5 —as) A- A (B0~ pm1) A (@nsr — an)
= (az—ay) (a3 —a3) - (@1 — Ap-1) (Ana1 — Ap) =
=2""[(@; —a)) A L1 (L) ' LiL2) ' La(La) ™t - - - Lyea(Lpm1) ™! (@ng1 — an)
=2""[(a; — a1) AL ] (Lp-1) ™" (@ns1 — an) = 2" [(@2 — a1) A L1] Qg1 — p) ™" (@ns1 — 2p)
=2"Yay—ap) AL =2""(@,—a))A(@3 —a) A A(apy1 — 23)

=2"la,—aDA@—a)A - A@1—a;) = 2”—1A(al,,_.,am)

5.4 | Convergence of the mean secant hyperplane to the tangent hyperplane II
Let us consider the n + 1 points ay, ..., a,41 in E, as in the foregoing paragraphs.

Definition 3. Let us define the following blades:

n+1

8= ) =0 )R AR )= w20 €6y T
i=2 "

o n-1

A :A(al’“"anﬂ) = ({l_al) A .o A (m—an_l) = /\ (Ei_ai) S G(n:)

i=1

n-1

E=E(al,...,am) =[ A\ (@ -a)|A@u-ane G( ")

n-1

wherei=1, ... ,n—1.
Then, we can define the “mean multidifference G( R )-pseudo-vector,”

n-1

(_1)n+1

n-1
K ) = et TV (@) 7@0] s, + i U @ne) = F@I B,

Remark 32. Contrary to the pseudo-scalar A, the foregoing blades A and Al can always be written as geometric
products

n-1
K =T, = @-21) o @ —a0) = [] (8-
i=1
_ _ n-1
A-a (al an+1) H (a’J - a’j) (an+1 - an)
j=1
J#i
(wherei =1, ... ,n— 1), because vectors a; — ay, ..., a,_1 — 8,1 and a,;; — a, are mutually orthogonal. These are

the key properties that allow us to prove the next general theorem.
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Theorem 3. Ifthe function f : Q C E, — Ris strongly differentiable at X, (a point internal to Q), then

i (3 ) (B ) = V70

1
(a1, ... 2,41 ) >, ... Xo)EEL"

Ay, ane) 0

Remark 33. The foregoing result states that the “mean secant hyperplane”

Z= f(a'l) +E(f,a1,_,,,an+l) : (X - a'l)

— -1
where f'( Fap ) = <A fGay ... an, )> (A(al, ,an+1)> , always converges to the tangent hyperplane

z2=f(Xo) + Vf(Xo) - (X —Xo)
as the non-degenerate simplex having vertices a;, ..., a,;; contracts to the point xy.

Proposition 4.

n-1 _—
T f@)— f(a) f(@ans) — f(@y)
l'(f,al,...,anﬂ) = (Zl = >+ +1

i —a; Ant1 — Ay

Proof of Proposition 4. Let us recall, from Remark 31, that vectors a; — a;, ..., a, 1 — a,_1, 4,41 — a, are mutually
orthogonal. So, by Proposition 3, we can write

A(al’ ) A (@p1 —ap) = 2“‘1A(a1’ e Ang1)
1 — 1 — —
A(al,...,a,m) = -1 A(al,...,anﬂ) Ay —ay) = 1 (al - al) (an—l - an—l) (an+1 — ay)

-1

-1 _
() =2 @rn =2 @ —an) o (@ - a)

Then,

f(f’al"“’arwl) = (Kf(al,.”,an“)) (A(alwwann))_l -

n-1 - _ 1 _ 1
= (2 )™ [F@) - f@) Af(al,.._,am)> (Do) + V™ @) = F @1 B, a ) (Baran) )
i=1
n-1
= (Z [f@) - f@)] (ai— ai)_l> + [f @ne1) = f@0)] (@ns1 — an) 7"

i=1

as you can verify that

AA7! = (=127 L(a,,, —a,) "  and, AIATL = (—1)i*12n1 (a;i - ai)_l fori=1..,n—1

Proof of Theorem 3. Let us recall that A(al’ ) is a pseudo-scalar; so, by Equation (5.3), we have that

n-1
Vf(XO)A(al,...,a,,H) = vf(XO)OA(al,...,a,M) = % Zl (_1)i+1 (Vf(xo) : (El - ai)) Al + (_1)n+1 (Vf(Xo0) - (@p41 — an))Z
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and we can write

-1

VI = VS0 (B ) = (V0008 a)) (A

n—1
= % lz (=1D)i*! (Vf(xo) . (Ei - ai)) Al 4 (=1)™ (V£ (Xo) - (Ansr — a"))zl Al
i=1

n-1
= ( (Vfxo)- (ai—a;)) (ai - ai)‘l) +[Vf(X0) - (@ns1 — an)] (Apg1 — 2,) "

_ ( V(%) (3 —a) > o V) (@nr = )

a; — a Ap1 — Ay

So,

© /@)~ f@) = Vf(xo)- (a —a;) > @)~ f@0) = VI (0) - @nir = an)

a; — a;

E(f,al,...,anﬂ) = Vf(xo) = <

i=1 Ap — Ay

and

n-1

S @) - f@) =V f60) - (@ - a @) — V7 50) - (s —
a0 < Z‘ O B8] @) = @) = V700 (e = )
i=1

|§i—ai| [ant1 — gl

As f is strongly differentiable at x,, we know that, given ¢ > 0, there exists . > 0 such that if |[u — x| < 6. and
[v —xg| < &, then

lf(w) — f(V) = Vi(Xo)- (@ —-V)| < elu—-v|

So, if we choose a;, ..., a,;1 non-collinear, and such that
1 .
la; — xo| < 3 (5-) fori=1,...,n+1

then
[Frabe = V/@o)| < e
as,fori=1, ... ,n—1, we have

2
¢ lai—aig| <fai - Xo| + |ai — Xo| < 3 <5§>,
o |a; —Xo| < |a;j — aj1| + |ai1 — Xo| = |a; — a1 | + a1 — X0l < 5§
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